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In a previous paper, Aziz et al. [l] considered the motion of a rigid 
piston under the impact of a detonation wave. In their one-dimensional 
model the back-end of the “pipe” was open, allowing the products of 
detonation to escape. The present research considers the case when the 
detonation products cannot escape because the pipe is closed in the rear. 
The numerical results verify the conjecture that there is a critical value 
of the mass ratio, t, (ratio of the mass of the undetonated explosive to the 
piston mass) above which the trajectory of the piston is the same regard- 
less of whether the pipe end is closed or open. X detailed examination of 
the piston motion indicates an apparent anomaly-the piston speed is 
increased above the “open-pipe” value before the shock wave rebounding 
off the closed end reaches the piston again. In order to explain this 
phenomenon a detailed analytical solution of the piston motion and flow 
field is carried out, for the case of polytropic detonation products y = 3. 
1. INTRODUCTION 
The problem of the distribution of fluid properties behind a plane detona- 
tion wave in a condensed high explosive has been solved by G. I. Taylor [2]. 
The velocity imparted to a rigide piston by such a detonation head was 
calculated, for the case of polytropic combustion products with y = 3, by 
Aziz, Hurwitz and Sternberg [I]. This was done for the case where there is a 
free back expansion into vacuum. 
The present gas-dynamic problem differs form the one just described in 
that the detonation products are not allowed to expand backwards. Physically 
this corresponds to either having a rigid massive wall at the plane where the 
detonation starts, or, to the symmetric case of two detonation waves initiated 
at a plane. This is the one-dimensional analogy to the spherically and cylin- 
drically symmetric cases which were treated elsewhere [S]. The advantage 
of the one dimensional model is that it allows an analytic solution to the pro- 
blem and thus enhances our understanding of it. Figures 1 and 2 indicate the 
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two situations some time after initiation of detonation but before the detona- 
tion wave has reached the piston: 
Goseods prod&k 
Plow detonation 
Started ot th!e 
Surface 
FIG. 1 
x=0 
Detbnat,on front PIA of symmetry 
Where detonation 
Fronts were inttiated 
FIG. 2 
Clearly the two configurations are equivalent and the description of the chain 
of events is as follows (refering to Fig. 1): a condensed explosive, of length& , 
is detonated at one end (X = 0). A plane detonation front, of velocity D, will 
race from this closed end until it reaches the piston. The flow behind this 
detonation front, before impact upon the piston, has two distinct regions [2]- 
a quiescent zone extending from the walled-end to half the distance to the 
front and from this point on to the front a simple centered wave (Taylor 
wave). When the detonation front overtakes the piston a weak shock is 
reflected while the piston accelerates smoothly from a zero initial velocity. 
The reflected shock travels to the left advancing first into the Taylor wave, 
then it enters the core of quiescence until it reaches the wall and rebounds 
from it. This rebounding shock wave now moves to the right and might or 
might not overtake the moving piston, depending on the mass ratio r = m,/nzP 
where m, is the mass of the explosive and VQ is the piston mass. 
Figures 3 and 4 are space time diagrams for the two respective cases 
indicated above. Region (1) is the unreacted explosive, region (2) is the one 
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FIG. 3 
FIG. 4 
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that includes the quiescent zone and Taylor wave. These two figures should 
be contrasted to the space time diagram for the case when back expansion of 
the detonation products is allowed (see Fig. 5 below). The gaseous esplosion 
products are assumed to be polytropic, i.e. their equation of state is of the 
form 
E=- p 
P(Y - 1) (1.1) 
where i? is the specific internal energy. The value y = 3 will be used later 
because it will allow the analysis to be carried to completion. It can be 
shown [l] that the piston motion is insensitive to changes in y between 2.5 
and 3.5 provided one nondimensiolizes the piston speed properly; at the 
same time equation (1. I), with y s 3, represents quite well gaseous detonation 
products of organic condensed explosives. 
FIG. 5 
Previous results, relevant to the present problem, are listed in Section 2. 
A concise account of the numerical work is given in Section 3. The main 
results of the present study are described in Section 4: delineation of the 
flow regimes, explicit formulae for the piston path, reflected shock path, 
rebounding shock path and the flow fields. 
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2. SUMMARY OF PREVIOUS 
Throughout the calculations the following 
used: 
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dimensionless variables are 
Cl=;, C=$ p=E, p=4. 
PO PG2 
Here f is the distance, f is the time, 0 is the particle velocity, c is the sound 
speed, p is the density, p. is the density of the undetonated explosive and j 
is the pressure. 
In region (2) we have an explicit solution given by G. I. Taylor [2]. For 
the special case of y = 3 and with the above nondimensionalization scheme 
the flow in region 2 is given by: 
X 1 
--- 
2t 4 
++1 
u, = WI 
0 0++ 
p, = 2 p*3 = + (f p2)3 = 8 c,s , 
(2.2) 
(2.4) 
These relations satisfy the Chapman-Jouguet conditions on the line OA in 
the spacetime diagrams, namely: 
UC, = 9 c,, = 2 PC, = a PCJ = $ * (2.5) 
In the case corresponding to Fig. 5, i.e. when the detonation products are 
allowed to expand to the left into vacuum, to be designated as the open-end 
case, the above relations were used by Rostoker and Murray [3] and Aziz 
et al. [I], to obtain expressions for the piston speed. Their analysis is based 
on the assumption that the reflected shock is weak-therefore the positive 
characteristics do not change slope upon crossing it, and hence the expression 
G + C = x/t remains valid on the piston path. The expression they find 
for the rigid piston speed, us , as function of time is: 
where R is proportional to the mass ratio; !A = 32r/27 = (32/27) (me/mp). 
The terminal velocity, found by letting t 4 m in Eq. (2.6) is: 
Uf = v+z u, = 1 - $ [dl + a - 11. (2.7) 
To determine the flow in region 3, in the “open-end” case, it is necessary to 
solve the equations of motion subject to the boundary condition that U = U, 
on the piston path x = .rn = st U,(y) dy, and subject to the initial condition 
that at t = 1 (and x = 1) U = 0, C = 1. This has been previously carried 
out by one of the present authors [4]. The expressions for U and C in 
region 3 in the “open-end” case were found to be: 
U3=+-f r (l++$ (1 +qt -Q 1 (t 3 1) (2.8) 
c2=l~b+~+~~~-~~ 
(t 3 1). (2.9) 
Using the nonconstant part of Eqs. (2.1) and (2.2) in the differential equation 
for the velocity of rearward looking compression wave the following expres- 
sion was found for xs , the reflected shock path: 
xs = 2(1 : Q) (4 + 2Q - [(I + a> t - Ly” - [(l + Q) t - Q]} 
(t 2 1). (2.10) 
The speed of the reflected shock, in the “open-end” case is therefore 
dxs 1 1 1 -=---- dt 2 4 [ (( 1 + L?) t - 52)“s 1 (t 2 1). (2.11) 
It should be noted that as D + 0, i.e. an infinitely massive piston, the 
results (2.8)-(2.11) reduce to the expressions derived by Zeldovich and 
Stanyukovich [5] for that case. 
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3. NUMERICAL RESULTS’ 
The piston motion and the flow between the accelerating piston and the 
back wall were determined by a finite difference procedure. The method 
used was an explicit Lagrangian scheme using the Van-Neumann and 
Richtmyer [6], [7] artifical viscosity. The differential and difference equations 
can be found in any standard text [7] and will not be repeated here. The 
stability criterion is a modified Courant-Friedrich’s-Lewy (C-F-L) one. 
The equation of motion of the piston was accounted for in the way in which 
it was done by Aziz et al. [I] and the present authors in a previous paper [8], 
[9]. However the boundary condition on the left-most Lagrangian cell is 
now that of zero velocity, rather than zero pressure as in the “open-end” 
case. 
Actually there are better finite difference schemes-for example the Lax- 
Wendroff method [lo] and others. Consider Fig. 6 and 7. Figure 6 shows the 
pressure profiles at various times, computed by the Von-Neumann- 
Richtmyer method. Figure 7 repeats the calculation using an iterative 
method [ll] which yields smoother profiles. We found out, however, that 
the piston path was insensitive to the numerical method used. Since we had a 
ready Van-Neumann-Richtymer code which demanded shorter time to run 
we used it. All the various finite difference schemes were run with 200, 500 
and 1000 Lagrangian cells. Three significant figures in the results are assured 
with 200 cells. 
It was anticipated that there exists a critical mass ratio, yc , above which the 
motion of the piston is unaffected by the closing of the “pipe” at s = 0. 
FIG. 6. Pressure profiles at various times computed by the artificial viscosity method. 
1 All the numerical computations were carried on the CDC3400 computer at the 
Tel-Aviv University Computation center. 
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FIG. 7. Pressure profiles at various times computed by an iterative method [II]. 
Figure 8 shows the dimensionless final piston velocity, Uf = afi/D, as 
function of the mass ratio Y = m&, . 
FIG. 8. A-Closed-end, B-Open-end. 
The dashed curve is that for the “open-end” case; the solid curve is for 
the present case of a closed-end pipe. It is seen that above Y = yc = 6.7 
the two paths coincide. Our first explanation of this phenomenon was that 
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the critical mass ratio, ~~ , is determined by the requirement that above T = 7, 
the piston is so light that the reflected shock after rebounding from the wall at 
x = 0 cannot overtake it again. Indeed Fig. 9 shows in the x - t plane that 
for I = 10 the shock never reaches the piston again, while Fig. 10 shows that 
FIG. 9. 
4.4 r 
FIG. 10. 
when r = 1 the shock reaches the piston once again, re-reflects of? it, rebounds 
a second time from the wall s = 0 but trails after the piston from that point 
on. Figure I1 shows that if the piston is heavy enough (r = 0.5) then there are 
two shock reflections off the piston, as might have been expected. (Here we 
don’t count the reflection of the detonation front). 
FIG. II. 
Figure 12 shows a typical time history of the piston motion for the case 
Y = 1 (one shock reflection off piston) both for the “open-end” and “closed- 
end” pipe. The time Tc is that required for the rebounding shock to reach 
the piston. An examination of this graph will show that the piston motion, 
in the “closed-end” case, is affected considerably before the rebounding 
shock overtakes it. One must then pose the question: how does the piston 
sense the fact that the back end is closed when the fastest signal in the fluid, 
the rebounding shock, has not yet reached it ? The table below compares the 
results for the free and closed end cases. Note that while for r < 7.1 it will 
be shown that the rebounding shock overtakes the piston, yet for Y > 6.7 
the piston motion is already unaffected by the closing of the “pipe” at x = 0. 
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r 
Numerical Value 
of UI for closed 
end case 
ur for 
free end 
0.50 0.230 0.116 
0.60 0.249 0.133 
0.65 0.258 0.142 
1.00 0.311 0.193 
2.00 0.390 0.295 
3.00 0.430 0.362 
4.00 0.455 0.411 
5.00 0.415 0.449 
6.00 0.491 0.480 
6.50 0.498 0.494 
6.80 0.501 0.501 
7.00 0.506 0.506 
8.00 0.528 0.528 
9.00 0.547 0.547 
10.00 0.564 0.564 
25.00 0.694 0.693 
4. ANALYTIC SOLUTION 
As in the “open-end” case the analytic treatment here takes advantage 
of the fact that for y = 3 the characteristics are straight lines and that weak 
shock waves can be represented by compression waves. 
4og/N3-s 
It turns out that the lines = t/2 (which represents, at least in the beginning, 
the propagation of the quiescent core) plays an important role in determining 
the solution. 
It turns out that in the analysis it is necessary to distinguish between three 
regimes: 
(a) The mass ratio r is sufficiently small, i.e. the piston is sufficiently 
heavy, so that the “sonic signal” associated with advance of the stagnant core 
(x = t/2) reaches the piston before the shock rebounding from s = 0 
overtakes the piston. 
(b) An intermediate zone in which the shock wave rebounding from s = 0 
reaches the piston before any other perturbing signal. 
(c) The piston is so light, i.e. r is sufficiently large, that no signal asso- 
ciated with the closure at .Y = 0 reaches the piston. It is anticipated that in 
this event the piston motion will not differ from that of the “open-end” case. 
We shall consider case c first. Its space-time diagram may be represented as 
below. For y = 3, the Riemann invariants are Rf = CT + C and R- = U - C 
and the equations of motion may be cast in the following form [8]. 
$+R+!!!&O 
hR- 
,+R-$=O (4.2) 
Frc. 13. 
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from the solution to regions (2) (Taylor wave) and (2’) (quiescent core)- 
equations (2.1), (2.2)-we determine: 
R,+ =+, R2-=-+. (4.3) 
R;, = ;, (4.4) 
Since the shock wave, x8 , reflecting from the piston to x = 0 is assumed 
weak and is rearward facing, the positive characteristics in region (2) will not 
change slope upon crossing xs into region (3). Hence R,+ = x/t. To determine 
the solution completely in region (3) we need to know R,-. We determine 
R,- as follows: 
Consider a point (x, t) in region (3) through this point will pass the two 
straight characteristics C+ and C- whose slopes are given respectively by 
1 1 1 1 -= 
R,+ ua + G 
and 
- = u, - c, * R3- 
FIG. 14. 
We know that l/R,+ = t/x and hence Us + C’s = x/t. The quantity 
l/(U, - C,) is invariant along C- and is equal in particular to 
I/(&,(T) - C,(T)) where the subscript p indicates that the quantities are 
measured at the piston and 7 is the point where C- intersects xp . Note that 
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T = T(.Y, t). The same slope of C- is also given by (t - ~)/(s - So)). Hence 
we have the equality 
.Y - .Q(T) 
t-7 
= Up(T) - C(T). (4.5) 
As was shown in references (I) and (3) the fact that LTz + Ca = x/t suffices 
to establish UP and .tt, with C’, given by Eq. (2.6). By direct integration with 
~~(1) = 1 one also finds: 
l-p(t) = t + g [l - (1 + J2 ~ $,““I (t 3 1). (4.6) 
The quantity C, is found from Cr, = (x&) - UP and thus Eq. (4.5) becomes: 
(4.7) 
If in (4.7) we substitute for sn(~) and Crn(~) from (2.6) and (4.6) respectively 
and multiply by (t/T) - 1 we obtain after some manipulations: 
where [ = (1 + Q - (Q/T))“*. After cancellations on both sides, the remain- 
ing terms have l/7 as a common factor which may be cancelled out. The 
resulting equation for 5 is solved to yield 
8=2 
Qt+t-a 
Qt + 2t ~ Qx . (4.8) 
Recall that xp(t) and Up(t) are actually functions of 5 = (1 + Sz - ( Q’/t))l~‘z 
only. We can therefore evaluate now R,- = Up - C, = 2U, - (.q,(t)/t) by 
inserting Eq. (4.8) into the expression for Cr, and +/t, Eqs. (2.6) and (4.6) 
respectively. After a certain amount of algebraic manipulation one obtains: 
from 
R,- = j- .T _ 2t + ‘ct - “1 
t (1 +qt -Q 1 (4.9) 
and 
U, + C, = R,’ = : (4.10) 
j-J, - C, _ R,- = : _ + [ 2t + *ct - x, ] 
(1 i- i-2) t - a 
(4.11) 
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we deduce the expressions for Us and C’s as given by Equations (2.8) and 
(2.9). The derivation was repeated here since the same technique will be 
utilized in the other regions as well. 
At this stage we calculate the reflected shock trajectory, xs , seperating 
region (2) from (3). Since .rs is a weak shock, its velocity dx,/dt can be appro- 
ximated as that of a compression wave and be defined by: 
dxs 
-=~w2--2)+w--c,I1 dt (4.12) 
where the subscripts 2 and 3 refer, respectively, to flow properties in regions 
(2) and (3). Substituting for Ua , C, , U, and C, from Equations (2.1), (2.2), 
(2.8) and (2.9) the differential equation takes the form 
dxs -- 
dt C h+ 
a 1+g 
2t((1 +qt -Q) 1 XS = - f - (1 + sz) f- D. (4.13) 
The solution of (4.13) satisfying the initial condition x,(l) = 1 is given by 
Equation (2.10). That is the reflected shock trajectory in the “closed-end” 
case is the same as in the “open-end” case at least between x = 1 and the 
intersection of xs(t) with x = t/2. To the left of that intersection xs seperates 
now regions (2’) and (3’) and there is every reason to expect that here the 
shock trajectory will differ from that found in the “open-end” case. Here too 
the defining differential equation has the form of Eq. (4.12) i.e.: 
dxs _ = ; [i-J*, - C,,) + (U,, - C,,)] = + [R? + RJ. 
dt 
(4.14) 
Now, the negative characteristics C- do not change slope upon crossing the 
locus of weak singularity, x = t/2, and hence R, = R,- and, as seen by 
Equations (4.3) and (4.4) Rg = R,- = - 3. It follows that the shock 
trajectory remains the same as given by (4.13) and (2.10). Since R$ = R$ = + 
we can easily find U,, and C,, to be: 
X 
u3’=2t+4-t (1 +qt-- 
(4.15) 
(4.16) 
To repeat, the reflected shock trajectory is the same regardless of whether the 
“pipe” is open or closed at s = 0 and is given by 
x 
S 
= __ L + 4 + 3.Q - ((I + Jz) t - i2y 
2 2(1 + Q) 
(t 3 I), (0 < .x-s < 1). 
(4.17) 
The time when the shock rebounds from .x = 0, tr , is found by putting 
xs = 0 in Eq. (4.17) and solving for t to get: 
t 
r 
= 9 + 6L’ - (8Q + 17)1’2 
31 + Q) * 
(4.18) 
Next we should like to find the trajectory of the rebounding shock, xsr . For 
this purpose it is necessary to know the flow field in region (4) (see Fig. 13). 
The invariant connected with the negative characteristic, R,-, is the same as 
R,- and R; since this backward facing characteristic is not modified by a 
forward facing weak shock. On the other hand the slope of the positive 
characteristic is modified upon crossing from region (3’) to region (4). For 
proofs of these statements ee References (12) and (13). Thus 
R,- = u, _ C, = R,- _ ; 1 c2 + @ t - ih . 
t (1 +lln)t-a 
(4.19) 
To find R,+ we set 
4+ = LT4 +c.9 = u, + c, I+0 = c, lx=o . (4.20) 
Consider a positive characteristic in region (4) going through the point 
(X, t) and crossing the time axis at (0,B). We then have, as in the manner of 
treating region (3), 
(4.21) 
where C,(e) = C,(O, 0). But from Eq. (4.19) we have 
Substituting (4.22) in (4.21) and solving for 0 we get 
(2+Q>t+Qx 
e(xT t, = (1 + J-2) x + (2 + 8) * 
(4.22) 
(4.23) 
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Using this value for 0 in (4.22) the expression for C,(e) becomes: 
Kf=U,+C,=C,(ii)=(l-~~~~;;;(2+n0) 
1 (2+SZ)t+!& 
=f-+- t (1 +Q)t-Q * 
(4.24) 
Adding and subtracting equations (4.19) and (4.24) we obtain the desired 
flow field expressions 
(4.25) 
(4.26) 
The rebounding shock trajectory is determined by (see ref. 12, p. 159) 
dx,r - = + [(h + C,,) + (U, + C,)] = + [R; + R,+]. dt 
Using Eq. (4.24) and R$ = & the differential equation becomes: 
l+Q 
dxsr 1+; -- 
dt (1 + Q; t - 9 Xsr - $ + (1 +qt -Q (4.27) 
with the initial condition that at x = 0, 
t = 652 + 9 - (SQ + 17)“2 
2(1 +q 
(see - (4.18)). The resulting trajectory is 
xgr _ (1 + Q) t - 39 - 4 + ((1 + Q) t - QY2 
31 + Q) 
(4.28) 
and the rebounding shock velocity is 
dxsr 
*sr = x = 7 l+ 
1 
4((1 + s-2) t - Q)l’2 - 
(4.29) 
Note that JirS = - & which one would expect for a reflected compression 
wave in a stagnant region near a wall. 
1Ve now possess enough information to determine rL, the mass ratio 
which distinguishes between case (a) and (b). Th us if r < rL we have case (a); 
if I > rL we have either case (b) or (c). We shall later determine rr,% , the mass 
ratio such that if Y > rM then the appropriate regime is case (c). 
If Y = rL then lYP(t) ( as g’ iven by Eq. (4.6)), s = t/2 and xsr(t) (as given b:, 
Eq. (4.28)) must all meet at one point. The intersection of -l&.(t) with S = t;2 
is given by: 
t* = 9Q + 16 
.r*=;L?+8. (4.30) 
On the other hand the intersection of x = t/2 with 
.xp=t+$ l- [ li’ 1 +lLq 
is given by 
16 
t=8-Q 
8 
x = 852 (Q < 8). 
(4.31) 
The expressions (4.30) and (4.31) can be reconciled only for the value of 
Q = QL satisfying the quadratic equation: 
9&Z - 56QL - 112 = 0. 
The physically feasible solution is QL = 7.816 or rL = 6.595. 
(4.32) 
Next we solve for the piston motion and flow field for case (a)-i.e. r < rL . 
For this value of the mass ratio, or Q < 7.816 the piston trajectory is reached 
by the lime x = t/2 at the time t = 16/(8 - Q). This is the first instant 
at which the piston motion is affected by a signal which is due to the wall at 
x = 0. The effect is to accelerate the piston, compared to the case of an 
“open-end” pipe, since the signal line x = t/2 is associated with the quiescent 
core which carries higher pressures than the Taylor wave. The space-time 
diagram is now as follows: 
Between the times t = 1 and t = 16/(8 - Q) the piston motion is given, 
as for the “open-end” case, by Eq. (4.6). Between t = 16/(8 - Q) and t, 
the piston trajectory is determined by the system: 
(4.33) 
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FIG. 15. 
The last equality in (4.33) is due to the fact that under our assumption 
of weak shocks Ri, = R,+. The system (4.33) is equivalent to 
dG - -T - ; CP3 
dt 
with the initial condition being 
c = s-J-2 16 
P 4Q+ 16 t= 8-Q; i 
(4.34) 
(4.35) 
The initial condition is obtained from C, = 4 - Up with Up being given by 
Eq. (2.6) with t = 16/(8 - a). The solution to (4.34), (4.35) is 
P + 8 )-1/Z 
Up(t) = + - /Qt + 32 (a _ 8)2 I . (4.36) 
If we integrate (4.36) so that for t = 16/(8 - Q), xp = 8/(8 -Q) we’ll get 
the piston motion for all Q < 7.816 between the time t = 16/(8 - Q) and the 
time t = t, when the piston is overtaken by the rebounding shock wave. 
The resulting trajectory is 
( 16 -<t<t,. 8-Q ) (4.37) 
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The time t, is found by equating Eq. (4.37) Gth the trajectory of sSr as 
given by (4.28). After some tedious arithmetic one obtains: 
where: 
L4 = 256(1 + Q) + 32(4 + Q) (3Q + 4) + 
(8 -a)(16 + 1552) 
Q(952' + 23.Q + 16) 
(1 + Q) (16 + I5Q) 
B = 32(1 + Q)(4 + Q) + 2Q(8 -Q)(3Q + 4) 
(8 -Q)(l +Q)(16 + 15D) ' 
Thus, a typical value is t, = 5.307 for Q = 1. 
After t = t, the piston motion is determined by the system 
- rP 
di&, 
dt ==4 
Up + C, = R,+ = R,+ = (1 + Q) x + (Q + 2) 
(1 + Q) (t - -Q) * 
Let 
4=(1 +n)x+(2+R) 
,=(I +Qt-Ii2 
a = CT = 5 - C&T. 
We can then cast (4.39) in the form: 
(4.40) 
Where the initial values at t = t, are: 
U, = U&) = + - 132 [ (;f$ ] + L’t51-1’a 
a5 = t5 - lJ5T5 . (4.41) 
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The solution of Eq. (4.40) is 
(4.42) 
Now from U,T + 01 = 5 it follows upon differentiation with respect to T that 
dL$ 1 da __ = 
dr T dr 
and hence 
jUpdtl~= - j:,+. 
4 
Using Eq. (4.42) to substitute for ~(a) and carrying out the integration we get 
The asymptotic value of up(t) is found by letting 7 + co in (4.42) and (4.43): 
(4.44) 
Using this result in conjunction with the initial values from Eq. (4.41) we 
computed final piston velocities for various values of T < yL and compared 
them with the values obtained by numerical integration. 
The table below, citing some of the values, shows that the maximum dif- 
ference between of the analytical and numerical solution of less than 3%, 
occurs for the lowest mass ratio. 
I s1 
ut ut ut 
Analytical ; Numerical Open end 
eq. (4.44) solution atx = 0 
1.0 1.1852 
2.0 2.3704 
3.0 3.5556 
4.0 4.7407 
5.0 5.9259 
6.0 7.1111 
6.5 7.7037 
.302 
.380 
.421 
.447 
.468 
.487 
.311 .193 
.390 .295 
.430 .362 
.455 .411 
.475 .449 
.491 .480 
.498 .494 
It is interesting to note that the effect of rerefaction wave due to the shock 
rebounding from the piston at t = t5 is to decelerate the piston. This can be 
seen from the fact that if the t, + x) then 1, + A for all I’ < 6.595 which 
is larger than the values actually obtained. 
Having obtain the solution for r < rL = 6.595 and r :- rM there remains 
to determine the solution in the intermediate range of rL < r < rM and also 
find the value of rM . For this range of the mass ratio the shock wave rebound- 
ing from x = 0 reaches the piston before any other signal. The situation is 
shown below in Fig. 16: 
FIG. 16. 
From Eq. (4.30) we find that the rebounding shock wave overtakes the 
“signal” x = t/2 at the time t = t * = 9Q + 16. From that instant on it has in 
front of it the region (4’) in which the negative invariant RT is the same as 
R3- since the forward-facing weak shock cannot interact with a negative 
characteristic. Thus 
R-- .Y 1 (2+Q)t-Qx 
4’ t t (1 +Q)t-sz. 
(4.45) 
We now employ the same procedure as before in order to determine RJ 
except that the point T is not the intersection of the positive characteristic with 
x = 0 but with x = t/2. It is found in this manner that 
R+&+1(2+B)t--~e 
t (1 +Q)t-Q 
(4.44) 
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Comparing (4.45) and (4.46) with (4.19) and (4.24) respectively we see that 
R> = R,- and Rz, = R4+. Thus regions (4’) and (4) are actually one single 
region and the “signal line” x = t/2 plays no part in the analysis beyond 
t = t* = 9Q + 16; the “memory” of the quiescent core has been erased. 
Even though region (4’) is identical to (4) it is still necessary to solve for the 
rebounding shock motion beyond t = t* = 9Q + 16; this is because 
A,+ f Ri, . The differential equation for the shock trajectory is 
dx& 
- = + [R; + R3+] 
dt 
(4.47) 
with the initial condition x$(t*) = 8 Q + 8. The solution is 
x& = t * I 
d9SJ + 16 
252 
I+R-:-(I f-- A j]. (4.48) 
In order to find the time, t,*, when the rebounding shock overtakes the piston 
we equate xS*, from Eq. (4.48) with x1, given by Eq. (4.6). Solving the resulting 
expression for t,* yields: 
G(9Q + 32 + 8(952 + 16)i” 
t5* = 8(1 + Q) (952 + 16)112 - (752” + 23~2 +- 32) ’ 
(4.49) 
From (4.49) we can determine rM since there is a maximum value of Q, QM , 
for which the denominator of Eq. (4.49) is nonnegative. For Q > GM the 
rebounding shock cannot overtake the piston. We find that the equality 
8( 1 + Q) 49Q + 16 = 7Q2 + 2352 + 32 
is satisfied by a certain value of Sz, 8 < CM < 9, which solves the cubic 
algebraic equation 
4S&3 - 2548$ - 1199BM - 1152 = 0. (4.50) 
The proper root of (4.50) was found, using Newton-Raphson iterations to be: 
sZM = 8.42098 
TM = 7.1043 
or, equivalently: (4.51) 
Thus the intermediate region, case (b), covers the range 6.595 < Y < 7.104. 
In this range of the mass ratio we have to solve for the piston motion starting 
with the time t = t* given by Eq. (4.49). Since Ri, = R,+ = R5+, the dif- 
ferential equation system to be solved is identical to (4.39) except that now 
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the initial conditions are to be specified at t = t5”. The final piston velocity 
is found to be 
where 
u5* = U*(t5*) = 1 + 6 - (1 + L?) (9Q + 32 + S(9Q + 16)1’e)1’2 
452(Q + 2) 
4(Q + 2) - 
l+‘ii’ + 32 + 8(952 + 16)““)“s 
a5 * = [(l + sz) xs* + (2 + J-J)] - U,*[(l + Q) t* - Q] 
’ 2 
X5 * = &*) = t5* 
8(2 + 9) 
+ 2 - Q(gQ + 32 + fj(gQ + 16)1/2)1/2 1 ’ 
A table similar to that given for Y < yL was constructed here, using Eq. (4.52), 
for yL < Y < rM . Comparing, in this table, the results for the present “closed- 
end pipe” with the results for the “free-end” case, we see that indeed at 
Y = 7.1 they are identical and that the biggest difference, at Y = 6.6, is less 
than 3%. Thus for practical purposes it is only in the region of case (a), 
r < rL, that there is a marked departure from the case treated by Aziz et al. 
This is the range where most of the acceleration is due to the advancing 
quiescent core which overtakes the piston. In the overall picture the shock 
rebounding from x = 0 plays a relatively minor role. 
T 
UC Ul ui 
Q Analytical ; Numerical Open end 
eq. (4.52) solution atx = 0 
6.6 7.8222 .4978 .4980 .4960 
6.7 7.9407 .4998 .4994 .4987 
6.75 8.0000 .5008 .5002 .5000 
6.8 8.0593 .5018 .5009 .5010 
6.9 8.1778 .5039 .5041 .5037 
7.0 8.2963 .5061 .5060 .5060 
7.1 8.4148 .5084 .5084 .5084 
There is one point which we have glossed over so far. This is the question 
of the piston motion for very small Y, i.e. massive pistons. When Y < .62 it was 
found numerically that the rebounding shock wave can reach the piston 
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twice and as T -+ 0 the number of shock reflections from the piston incresses 
without bound. While the technique employed in the present paper can, 
in principle, be extended to any number of rebounds and reflections the 
complexity of the analysis will outweigh the advantages inherent in an 
analytic solution. It is possible, however, to obtain a good approximation to 
the asymptotic piston speed using what might be called an adiabatic assump- 
tion concerning the flow field. 
We shall assume that, for small Y, the velocity field after some time t > T 
may be represented by 
U(x, t) = + . x = A(t) . x 
‘P 
(t > T) (4.53) 
while it still satisfies the boundary conditions 
U(0, t) = 0 
U(XP , 4 = Up(t). (4.54 
It is implicit in the above assumption that T is large enough so that the 
reflecting shocks have decayed and thus U(X, t) is a smooth function. The 
equations governing the flow field (for y = 3) are: 
c, + UC, + cu, = 0 (4.55) 
u, + uu, + cc, = 0. (4.56) 
If we substitute Eq. (4.53) in (4.56) and carry out the integration with 
respect to x we get immediately: 
C2(x, f) = - (At + AZ) x2 + F(t) (4.57) 
where F(t) is an unknown function of t. Next multiply Eq. (4.55) by C and 
substitute for U, Ca and its derivatives from (4.53) and (4.57) to get: 
F,+~AF-(A,,+~AA,+~A~)x~=o. (4.58) 
Equation (4.58) can be satisfied by the pair of differential equations: 
A,, + 6AA, + 4A3 = 0 (4.59) 
F,+2AF=O. (4.60) 
A solution of (4.59) that satisfies lim,,, A(t) = 0 is A(t) = l/t. It follows 
from it that F = F/t2 where b is a constant to be determined shortly. 
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Substituting =I = l/t and F = b”;P in Eqs. (4.53) and (4.57) gives us the 
flow field for t > T: 
qs, t) = + 
C(s, t) = 4 (t ;‘;- T). 
We also require that the total energy in the system be conserv-ed at all times. 
In terms of the dimensional quantities this statement is: 
1 poL,D” 
d% + 2 q,q,” = 2(r2 _ 1) (4.62) 
where p. and L, are, as before, the density and length of the undetonated 
explosive. The term on the right hand side is, then, the initial chemical 
energy (per unit cross-sectional area) stored in the unreacted material. Using 
the dimensionless scheme of Section 2, substituting for U and C from Eq. 
(4.61), and carrying out the indicated integrations we get: 
!$(+)3+&.;(,+)+;++ (t>T). (4.63) 
We are interested in the asymptotic value of G,; c,‘r = lim,,, Lrr, , so that in 
Equation (4.63) we may set lim f+m(.\-.p(t)/t) = L’r . Taking this limit we have 
or, equivalently 
t+J$+ (JfL+ (4.64) 
where we still have not determined the constant b. It is clear that the solution 
must satisfy: 
o<ur< 
li- 
+. (4.65) 
Notice that the value d/r/8, which corresponds to the assumption that all 
the initial chemical energy has been transfered to the piston, gives for r = & 
the numerical value of Lrf = 0.25 as compared with Ur = 0.239 obtained by 
the complete numerical integrations of the problem. 
To get explicit solution to Eq. (4.64) we fix b in such a manner that for 
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some mass ratio (Y > 0.62) the solution of (4.64) will agree with that given 
by the previous complete analysis. To be specific we required that at r = 1 
Eq. (4.64) yield the value U, = 0.3 obtained from Eq. (4.44). Eq. (4.64) thus 
becomes: 
280 
27 Uf3 + f- u* - 1 = 0. (4.66) 
The root of interest to us is, as we saw, between 0 and d/r/8 and it was 
computed, using Newton’s method, for various values of Y < 1. As can be 
seen from the accompanying table the maximum error, at Y = 4 , is 1.3 %. 
r 
Ul Ur - Y 
li- 
Numerical Equation 
8 Solution (4.66) 
0.50 0.2500 0.2301 0.2330 
0.25 0.1767 0.1703 0.1721 
0.10 0.1118 0.1100 0.1110 
5. SUMMARY 
The problem considered was that of determining the flow field between an 
infinitely massive wall at x = 0 and a rigid piston being accelerated by the 
products of detonation of a condensed explosive which originally filled the 
space 0 f x < ~~(0) = 1. The piston path is also determined. It was shown 
that this can be done with analytical tools when the combustion products are 
assumed to have a polytropic equation of state with y = 3. The analyticial 
results were compared with those obtained from a finite-difference numerical 
integration of the equations of motion. Close agreement was found between 
the two sets of calculations. The use of the theoretical approach removed an 
apparent anomaly connected with the numerical results. It was found that 
there are four main regines depending on the mass ratio: 
(1) Y < 0.62; heavy piston with multiple shock reflections. An adiabatic 
assumption allow to compute the asymptotic piston speed and flow fields 
from equations (4.64) and (4.61) respectively. 
(2) 0.62 < Y < yL = 6.595; quiescent core reaches piston before the 
reflected shock wave-see Fig. 13. There is a marked departure from the 
results of an open end at x = 0. 
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(3) yL < Y < yM = 7.103; reflected shock wave overtakes piston before 
quiescent core (which is obliterated when intersection with shock occurs; 
see Fig. 11). The final piston speed deviations from the open-end case are 
slight and not easily detected by numerical methods. 
(4) rM < Y; no signal indicating a closed end at x = 0 reaches piston. 
Final piston speed same as in the open end case. 
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